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Introduction 

The question of which lattices are isomorphic to quasivariety lattices is one of 

the known problems in universal algebras and lattice theory. This problem was raised 

by G. Birkhoff [1: 310] in 1945 and, independently, by A.I. Maltsev [2: 217] in 1966 

and is of a big interest also nowadays. A huge amount of work is devoted to the study 

the structure of quasivariety lattices of various algebraic structures. Finding a solution 

of the Birkhoff-Maltsev problem in its most general setting is an extremely difficult 

problem [3: 271-274, 4: 357-378]; most likely, a reasonable solution of this problem 

will be never obtained. Several results on the complexity of the structure of 

quasivariety lattices obtained up to now hint in this direction. However, the study of 

the Birkhoff-Maltsev problem for a certain class of algebraic structures is 

nevertheless of a big interest and deserves attention. 

In this paper we continue studying the complexity of the structure of 

quasivariety lattices. We explore the complexity of structure of (relative) quasivariety 

lattices for the classes of unary algebras. Quasivarieties of unary algebras (or simply 

unars) have been studied by A.M. Nurakunov in the paper [5], see also the papers of 

V.K. Kartashov [6-8]. We recall that a unar is an algebra of the signature consisting 

of only one unary functional symbol. 

We consider two complexity measures of the structure of quasivariety lattices: 

Q-universality and the Nurakunov non-computability property (non-computability the 

set of all finite sublattices of the quasivariety lattices or unreasonability). The concept 

of a Q-universal quasivariety was introduced by M.V. Sapir in 1985 [9: 172] and 

reflects the complexity degree of the structure of quasivariety lattices. After M.V. 

Sapir, a quasivariety  is Q-universal if for any quasivariety  of a finite signature 

the following is held: its quasivariety lattice  is a homomorphic image of some 

sublattice of the quasivariety lattice . Nowadays it is known a lot of examples 

of Q-universal classes of algebraic structures [3: 271-274, 4: 357-378]. The second 

concept of complexity of quasivariety lattices was introduced by K. Herrmann in 

2007. A quasivariety lattice  for the class   of algebraic structures of a fixed 

signature is called unreasonable if the set of all finite sublattices of the quasivariety 

lattice  is not computable, t.i. there is no algorithm which would determine by 

the given finite lattice, this lattice is embeddable into the considered quasivariety 
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lattice  or not. In this case the class  is also called unreasonable. The first 

example of unreasonable quasivarieties (namely, the quasivariety of unary algebras) 

was found by A.M. Nurakunov in the paper [5: 3]. The existing of unreasonable 

quasivarieties hints that quasivariety lattices can be extremely complex. 

In the paper [10: 1121] it was proved that the class  of all algebraic structures 

of a fixed signature is Q-universal if and only if it contains an unreasonable subclass, 

i.e. such that the set of all finite sublattices of its quasivariety latice is not 

computable. In this regard, it is arisen the following problem [10: 1124, 11: 394]. 

Does any Q-universal class  of algebraic structures of a fixed signature contain an 

unreasonable subclass? Is there an unreasonable class of algebraic structures which is 

not Q-universal? A positive answer to the first question was given by M.V. 

Schwidefsky for almost all the known Q-universal quasivarieties [11: 392]. The 

author gives a positive answer to the second question. The main result of this paper 

states that there are continuum many unreasonable classes  of unary algebras which 

are not Q-universal, see theorem 2. 

Basic concepts 

We note that concepts, which are not defined here, see in [3, 12, 13].  

All considered classes of algebraic structures are abstract, t.i. they are closed 

with respect to the isomorphisms [3: 6, 12: 207]. Let  denote the class of all 

structures of a fixed signature . Let . Then  is -quasiequational if 

 for some set  of quasi-identities of a signature  [3, p.117]. The 

set of all -quasiequational subclasses, ordered by inclusion, forms a complete lattice 

which is called the lattice of -quasivarieties or the quasivariety lattice for  or just 

the lattice of relative quasivarieties, if  is easy restored from the context, and which 

is denoted by  [11: 384]. 

Let  denote the set of natural numbers. The writing  means 

that the structure  is a subdirect product of the structures , . For a meet 

semilattice  let  denote the lattice of all meet subsemilattices of . 

Main result 

An identity 
n

H  was considered in the paper [14: 556] and it has the form: 

 

 
 

where its lattice terms from variables  , ,…, , ,…,  are defined as 

follows: 

 

,    

,    

,  , 

,  , 
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If  then an identity  can be written as: 

 

 
or 

. 

 

Let  (for any ) be a finite meet semilattice of type "crown" 

(see figure 1). 

 

 
Figure 1 - Finite meet semilattice  of type "crown"  

 

Theorem 1. The lattice of  for any  satisfies the 

non-trivial lattice-theoretical identity . 

Idea of the proof of theorem 1. First, we show that the lattice  for any 

 satisfies the identity . Then  will hold in lattice of 

 since it is well known that identities are stable with respect to the 

direct products [12: 273]. 

Theorem 2. There are continuum many unreasonable classes  of unary 

algebras which are not Q-universal. 

Scheme of the proof of theorem 2. Let a set  be not computable 

and let  be a class of finite meet semilattices of type "crown" (see figure 

1). We apply [11: theorem 3.4] to the class of  and we show that there is 

a class  of unary algebras for which . Then, by [5: lemma 

3], we prove that this class  is unreasonable, t.i. the set of all finite sublattices of the 

lattice  is not computable. Then, using theorem 1, we establish that the non-

trivial identity  holds in the lattice of . Thus this class  of unary algebras is 

not Q-universal as it is well known that Q-universal quasivariety lattices do not 

satisfy any non-trivial lattice identity [3: 273]. Next, considering the fact that there 

are continuum many non-computable subsets  of a countable set 

, we get the assertion of theorem 2. 

Conclusion 

The question on the complexity of the structure of quasivariety lattices are 

studied by many authors (see the bibliography in this paper and in [4: 372-378, 11: 
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395-398]). Two complexity measures of the structure of quasivariety lattices are 

well-known nowadays: Q-universality and the Nurakunov non-computability 

property (or unreasonability). The existing of continuum many so-called "bad" 

elements in quasivariety lattices, t.i. the elements which have not coverings in them, 

hints on the complexity of the structure of these lattices. Since in this case a 

subquasivariety of the given quasivariety  (with this property) has not infinite 

independent basis of quasi-identities with respect to . 

 In the paper [11: 392] it was shown that all known Q-universal classes of 

algebraic structures have this property: they contain a subclass such that the set of all 

finite sublattices of its quasivariety lattice is not computable. In this paper is also 

arisen the following question [11: 395]. Is there an unreasonable class of algebraic 

structures which is not Q-universal? The author proves that there are classes of 

algebraic structures which have the Nurakunov non-computability property but which 

are nevertheless not Q-universal. The result of theorem 2 is valid for many other 

classes of algebraic structures. 
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Концепция «зеленой экономики в Казахстане базируется на 

взаимодействии трех компонентов устойчивого развития страны: 

экономическое, социальное и экологическое.   

Экономическое в концепции «зеленой экономики» включает в себя идеи 

феминизма, постмодернизма, экологизации, экономику окружающей среды, 

антиглобалистики, теории международных отношений и др.). Социальное – 

есть  система видов экономической деятельности, связанных с производством, 

распределением и потреблением товаров и услуг, которые приводят к 

повышению благосостояния человека в долгосрочной перспективе, при этом, не 

подвергая будущие поколения воздействию значительных экологических 

рисков или экологического дефицита. Экологическое – это  изменение климата, 

опустынивание, утрата биоразнообразия, истощение природного капитала, 

широкомасштабная бедность, нехватка пресной воды, продовольствия, энергии, 

неравенство людей и стран, создающие угрозу для нынешнего и будущего 

поколений. Нынешнюю модель экономики называют «коричневой 

экономикой». 

Лозунг «от «коричневой экономики» к «экономике зеленой», особенно 

сейчас  звучит как никогда актуально, поскольку переход обеспечивается не 

только с помощью инструментов воздействия политических, экономических, 

экологических структур, но и ростом государственных инвестиций в 

соответствующую принципам устойчивого развития инфраструктуру (включая 

общественный транспорт, возобновляемые источники энергии, строительство 

энергоэффективных зданий) и природный капитал для восстановления, 

поддержания и, где это возможно, увеличения объема природного капитала и 

целевой государственной поддержки исследований и разработок, связанных с 

созданием экологически чистых технологий. 

Концепция предусматривает согласованную реализацию национальных 

инициатив «Зеленый мост», «Зеленый рост», Глобальная энергоэкологическая 
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анатомиялық құрылыс ерекшеліктері 

 

 

396  
 

Сарсенова М. А., Сыздыков Е. Х., Сегизбаева Г. Ж., Огай В. Б. (Астана, 

Казахстан).
 
Проблемы восстановления суставного хряща:

 
от теории к практике

 
 

400  
 

Сокова О.Т., Кошанова М.Т. (Кокшетау, Казахстан). Внедрение полиязычного 

образования: возможности, проблемы и перспективы 

 

405  
 

Хамитова Г.Ж., Дурмекбаева Ш.Н. (Көкшетау, Қазақстан). Ақмола облысы 

Зеренді ауданы аймағындағы өсімдіктер түрлерінің шаруашылық маңызы бойынша 

топтары 

 

 

408  
 

Шакиржанова И.С., Дурмекбаева Ш.Н., Қапсалам Ə. (Көкшетау, Қазақстан). 

«Жердегі органикалық дүниенің дамуы»  (биология, 11 сынып) тарауын оқытуда 

инновациялық технологияның элементтерін пайдалану  
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